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Abstract. Within the quantum function algebra Fq[SL2\, we study the subset !Fq[SL2\ — 
(~| ■ introduced in [Gal] — of all elements of Fq[SL2\ which are Z [g, g^-*^] -valued when paired with 

"j^ \ Uq{s^2) , the unrestricted Z[g, q^^]— integral form of Uq{si2) introduced by De Concini, Kac and 

Procesi. In particular we yield a presentation of it by generators and relations, and a nice 
Z[g, q^-*^]— spanning set (of PBW type). Moreover, we give a direct proof that !Fq[SL2\ is a Hopf 

.J ^ subalgebra of Fq[SL2\, and that ^g[S'L2] — Uz{sl2*) ■ We describe explicitly its specializa- 

Cn ' lg=l 

^ I tions at roots of 1, say e, and the associated quantum Frobenius (epi)morphism (also introduced 

O ■ in [Gal]) from J^e[SL2] to Ti[SL2] = [/^(sb*) • The same analysis is done for J^q[GL2] , with 

I similar results, and also (as a key, intermediate step) for Tq[M2\ ■ 

O ' Introduction 

a • Let G be a semisimple, connected, simply connected afRne algebraic group over C , and 

S ■ its tangent Lie algebra. Let Uq{Q) be the Drinfeld-Jimbo quantum group over g, defined 
^ ! over the field Q{q) , where q is an indeterminate. There exist two integral forms of Uq{Q) over 
I 1j[q, q~^] , the restricted one, say iiq{Q) , and the unrestricted one, say V(q{Q) — see [CP] and 
^ ' references therein. Both of them bear so called "quantum Frobenius morphisms", namely 
Hopf algebra morphisms linking their specialisations at 1 with their specialisations at roots 
of 1. In particular, ilg(g) for q ^ 1 specializes to Uz{d) , the Kostant Z-form of U{q) ; so q 
becomes a Lie bialgebra, and G a Poisson group. Also, ^^(g) for q^l specializes to Fz[G*] , 
a Z-form of the function algebra on a Poisson group G* dual to G . 

Dually, one constructs a Hopf algebra Fq[G] of matrix coefficients of Uq(Q) . It has two 
Z[(j, g"^] -forms, say dq[G] and J^q[G] , defined to be the subset of Fq[G] of all 'L[q,q~^~\- 
valued functions on iiq{Q) , respectively on Uq{Q) . At g = 1 , ^q[G] specializes to -F'zfG'] , 
while ^q[G] specializes to [/^(fl*) , a Kostant-like Z-form of t^(0*) — cf. [Gal] for details. 
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Moreover, both dq[G] and J^q[G] bear quantum Frobenius morphisms (relating their special- 
isations at 1 with those at roots of 1), which are dual to those of iiq{g) and Uq{Q) . 

The aim of this paper is to describe ^q[G] , its specializations at roots of 1 and its quantum 
Frobenius morphisms when G = SL2 ■ Moreover, as the construction of these objects makes 
sense for G — GL2 and G = M2 := Mat2 as well, we find similar results for them. 

By [Gal], J-'q[M2] should resemble Hq{Q[2) ■ Indeed, this is the case: J-'q[M2] is generated 
by quantum divided powers and quantum binomial coefficients, a PBW-like theorem hold for 
J-'q [M2] , and the quantum Frobenius morphisms are given by an "i-th root operation" , if £ 
is the order of the root of unity. Similar (weaker) results hold for J^q[GL2] and J^q[SL2] . 

The general case of Main , GL^ and SL^ is studied in [GR2], exploiting the same 

key ideas already developed here and the present results for n = 2 . 

Warning: an expanded, more detailed version of this paper is available on line, cf. [GRl] ; 
the quotations in [GR2] about the present work refer in fact to [GRl]. 
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aggression of NATO countries to the Federal Republic of Yugoslavia, which started in springs 
of 1999. This paper is dedicated to the memory of all victims of that war. 



§ 1 Geometrical background and q"— numbers 

1.1 Poisson structures on linear groups. Let q :— Ql2iQ) : with its basis given by 
the elementary matrices e := (j^ ^ j , gi := (j^ °j , g2 := (01)' / ■= (1 0) • Then g has a 
natural structure of Lie algebra, and a Lie cobracket is defined on it by S{e) = h <S> e — e <S) h , 
5{gk) = (for k = 1,2), 6{f) = h ^ f — f <Si h , where h := g\ — g2'i this makes Q into a 
Lie bialgebra. It follows that U{q) is naturally a co-Poisson Hopf algebra, whose co-Poisson 
bracket is the extension of the Lie cobracket of q . Finally, Kostant's Z-integral form of U{q) 
— called also hyperalgebra in literature — is the unital Z-subalgebra Uz{q) of U [q) generated 

by the "divided powers" /'•'^-' , e^'^^ and the binomial coefficients (for k = 1,2 , and 

n G N), where we use notation x^'^^ := x^/nl and := t{t-i)---^t-n+i) ^ Ag^jn^ this is 
a co-Poisson Hopf Z-algebra; it is free as a Z-module, with PBW-like Z-basis the set of 
ordered monomials je*^"') (^^'j (^^^^ f^"^^ 77, 71, 72, G N | ; see e.g. [Hu], Ch. VII. 

A similar description holds for g := s[2(Q) , taking h instead of gi and g2 ■ The Kostant's 
Z-form [/z(sb) of f/(sl2(Q)) is generated as above but for replacing the gk^s with h . Then 
Ui{3l2) is a co-Poisson Hopf subalgebra of Uz{q12) , free as a Z-module with PBW Z-basis 
as above but with h instead of the g^s. Finally, st2(Q) is a Lie sub-bialgebra of 0(2(Q) ) 
the embedding sl2 " — > Qi2 is a section of the natural Lie bialgebra epimorphism — » SI2 ■ 

As gl2(Q) is a Lie bialgebra, by general theory G := GL2{Q) is then a Poisson group. 
Explicitly, the algebra F[G] of regular functions on G is the unital associative commutative 

Q-algebra with generators a, b, c, d and D~^, where D :— det I) determinant. 
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The group structure on G yields on F[G] the natural Hopf structure given by matrix product, 
while the Poisson structure is given by 

{a,6}=6a, {a^c} = ca, {6,c}=0, = — {(i,c} = — cJ, |a,(i} = 26c. 

We shall consider also the Poisson group-scheme Gz associated to GL2, for which a like 
analysis applies: in particular, its function algebra F[Gj] is a Poisson Hopf Z-algebra with 
the same presentation as F[G] but over the ring Z . 

Similar constructions hold for 5'L2(Q) and the associated group-scheme (just set D — 1). 

Finally, the subalgebra of F\{GL2)i\ generated by the a, 6, c and J is a Poisson subbial- 
gebra of F\{GL2)z[ : indeed, it is the algebra -F[(M2)z] of regular functions of the Z-scheme 
associated to the Poisson algebraic monoid M2 of all (2 x 2)-matrices. 



1.2 Dual Lie bialgebras and dual Poisson groups. By general theory, if g := gtai 
bears a Lie bialgebra structure then the dual space g* is a Lie bialgebra on its own. Let 
{e*, s'f, ^2*5 /*} be the dual basis to the basis of elementary matrices for q , and let e := /*/2 , 
gi := , g2 := §2 , f := e*/2 ; then {e , gi , g2 , f } is a basis of 0*. The Lie bracket of g* 
is given by [gi , ga] = 0, [gi , f] = +f, [g2 , f] = -f, [gi , e] = +e, [g2 , e] = -e, 
[f,e] = 0, and its Lie cobracket by 5(f ) = (gi - g2) A f , 5(gi)=4-fAe, 5(g2) = 4-eAf, 
5{q) = e a (gi — g2) , where x /\y :— x®y — y®x . These formulae also provide a presentation 
of U{q*) as a co-Poisson Hopf algebra. Finally, we can define the Kostant's Z-integral form, 
or hyperalgebra, C/z(g*) of U{q*) as the unital Z-subalgebra generated by the divided powers 

f(n) ^ e(") and binomial coefficients (for all n e N and all A; = 1,2). This again is a 
co-Poisson Hopf Z-algebra, free as a Z-module, with PBW-like Z-basis the set of ordered 
monomials {e^'') (^'J (fjf , m , n2 , (/? G N } . 

A like description holds for 5(2(Q)* : indeed, one has 5l2(Q)*= 0^2(Q)*/ (§1+82) , dually 
to 5(2 (Q) " — > 5(2(0) ) hence one simply has to set h := gi = — g2 in the presentation above. 
All formulae involving h follow from h = -|-gi = — g2 mod (gi+ g2) • In particular C/z(s(2*) 
is the Z~subalgebra of L''(s[2(Q)*) generated by divided powers and binomial coefficients as 
above but taking h instead of the g^'s. Then Uzis^^ is a co-Poisson Hopf Z-subalgebra of 
f^z(s(2*) 7 with PBW Z-basis as above but with h instead of the gfc's. 

If = gl2 ; ^ simply connected algebraic Poisson group with tangent Lie bialgebra g* is the 
subgroup sG* oi GxG made of all pairs {L,U) e G xG such that L is lower triangular, U 
is upper triangular, and their diagonals are inverse to each other. This is a Poisson subgroup 
of G X G ; its centre is Z := { (^zl, z~^l) \ z E Q \ {0}} , hence the associated adjoint group 
G* := sG*/ Z . The same construction defines Poisson group-schemes gGJ and aGJ • If 



IS 



g = SI2 the construction of dual Poisson group-schemes gG^ and ^GJ is entirely similar, just 
taking G := SL2 instead of GL2 in the previous recipe. 

1.3 g— numbers, q'— divided powers and g— binomial coefficients. Let q be an inde- 
terminate. For aU s, n e N , let (n)^ := ^ (g Z[g]) , (n)^! := n;^=i (0, , (") ■= 

jgj^^, {e Z[,]), and [n]^ := ^ (e Z[g,q-^]), [n]^l := nr=i , [:( := 
pj-g^!^ (G Z[q,q-^]). Furthermore, we set (t\^= (-1)'^""'"^^^ ^^^(^ (e Z[q]) for 
all rz, s e N , and (2A;) I! := n'=i (2^, , i'^k - 1) '! := Jlti (2^ - 1), , for aU keN+. 
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If A is any Q((7)-algebra, g-divided powers and (/-binomial coefficients are: X^'^'^ := 

every XgA, n, reN, ceZ). Furtfiermore, if Z G A is invertible we define also 



:= n"=i ^^t'lf^/ ' for every n G N and c G Z . 



For later use, we remark that the g-binomial coefficients in X G A satisfy the relations 



X; c+1 



Similarly, the g-divided powers in X E A satisfy the relations 



r+s 



Xir+s) ^ ^(0) ^ 1 (12) 

Finally, let £ G be odd, set Zg := Z[q] ^ where is the £-th cyclotomic 

polynomial in g, and let £ := g, a (formal) primitive £-th root of 1 in Zg . Similarly 
let Qe :— Q[q\ ^ (0^(?)) ) the field of quotients of Zg . If M is a module over Z[g, g~^] or 

Q[q, q~^] we shall set Mg := M / (0^(g)) M , which is a module over Zg or over Qg . 



§ 2 Quantum groups 

2.1 Quantum enveloping algebras Uq{Ql2) and Uq{sl2) , their integral forms and 
specializations. Let Uq{Ql2) be the unital Q(g)-algebra with generators F, Gi , G2 , Gi~^, 
G2~^, E and relations 

G.^'G,^' = 1 = G^'Gt' = 1, 2) , G,G2 = G2G^, EF - FE = GiG^'-G.-'G^ 



q-q 1 

Gi^^F = gTiFG'i±\ G2^^F = q^^FG2^\ G^^^E = q^^EGi^\ G2^^ E = q^^EG2^^ 

Moreover, ^/^(flta) is also a Hopf algebra with A(F) = F ® Gi~^G2 + 1® F, e{F) = , 
S{F) = -FGiG2-^ , A(G' ±^) = Gt^ ® G^^ , e(G' ±^) = 1 , 5'(G' ±^) = Gi^^ (for 
i=l,2), A(£;) = (8) 1 + GiGa"^ ® , e(i;) = , S{E) = -Gr^G2 E . 

Now let := Gf^G^^ . The unital Q(g)-subalgebra of [/^(flla) generated by F, K^^ 

and £^ is the well-known Drinfeld-Jimbo's quantum algebra Uq{s[2) ■ From the presentation 
of Uq{Q{2) one argues one of Uq{s\.2) too, and also sees that the latter is a Hopf subalgebra of 
the former; indeed, it is also a quotient via F 1— > F , Gi^ K , G2 ^ , E E . 

The quantum version of the PBW theorem for Uq{Q{2) claims that the set of ordered 
monomials := { F^ G{'^ G^^ 1 77 , ^ G N , 71, 72 G Z } is a Q(g)-basis of [/^(flla) • 

Similarly, the set 5* := { F^ K'^ F*^ | r/ , (/? G N , re G Z } is a Q(g)-basis of Uq{s{2) ■ 
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As to integral forms, let ilg(gl2) be the unital Z^g,^ ^]-subalgebra of Uq{Q{2) generated 
by G'f\ i^l;''^, G'^\ (^^''^), for all m G N and c G Z . This ^^(sla) is a 

Z [(J, -integral form of Uq{Ql2) as a Hopf algebra, and specializes to Uz{q12) foi" ? 1 ) 
that is ilq(0[2) I {<! ~ 1)^9(0^2) — ^^(5^2) 9,s co-Poisson Hopf algebras; therefore we call 
•^9(5^2) ^ quantum (oy quantized) hyperalgebra. Finally, for every root of 1, say £, of odd 

order £, a quantum Frobenius morphism ^x^^ : ilg(g[2) ^ ®z %(0^n) exists (a Hopf 

algebra epimorphism): the left-hand side is iieidh) '■— (^g(S^2))e ; ^ind ^x^i is defined on 
generators by "dividing out by £ " the order of each quantum divided power and each quantum 
binomial coeflBcient, if this makes sense, and mapping to zero otherwise. 

Similarly, one defines the integral form of Uq{sl2) , say ltq(s(2) 5 replacing the G^^'s by 

and the (^^^''')'s by the (^""j's; totally similar results then hold (see [DL], [Gal]). 

As to unrestricted integral forms and their specializations, first set X := {^q — q~^)X as 
notation. Wc define Wg(gl2) be the unital Z[^, g~^]-subalgebra of Uq{Ql2) generated by 
{ F , Gf^, G^^, E } . From the presentation of Uq{Ql2) one argues a presentation for Uq{Ql2) 
as well, and then sees that the latter is a Hopf subalgebra of the former. Moreover, Uq{gl2) 

is a free Z[g, g"^] -module with basis := ^^F'^ Gj' G'^^E'' (^,71,72,77 G Nj . Note that 

^9(0^2) is another Z[g, g"^] -integral form of ^7^(0^2) 7 as a Hopf algebra, in that it is a Hopf 
^[9, ^~^]"Subalgebra such that Q{q) ®z[g,g-i] i^qisk) — ^9(0^2) • 

Adapting results in [DP], [Gal] and [Ga3-4], one has that Uq{Ql2) is a quantization of 
F[(sGL2*)^] , i.e. ^1(0(2) •= i^qidh))i — E[{sGL2*)j] as Poisson Hopf algebras, where on 
left-hand side we consider the standard Poisson structure inherited from Uq{Ql2) ■ Finally, let 
i and e be as in § 1.3. Set Us{gl2) ■= (Z^q(0^2))e ■ then there is a Hopf algebra monomorphism 

J^rg\: F[(,G'L2*)J ^ Z.^^UM ^ > U^iQi^) given by F\ ^^^F* 



-J 



, Gk 

q=e 



±11 



\q=l 



Gfc^^l , E\ E" {k — 1,2). This is the quantum Frobenius morphism for gGL^ 

Again, the same constructions can be done with 5(2 too. One defines the unrestricted 
Z[g, Q'"-'^] -integral form Uq{sl2) of Uq{sl2) , simply following the recipe above but replacing 
the G^^'s with K^^ . Then similar results to those for Wg(g[2) ^old for Uq{si2) as well, e.g. 
Uq{5l2) is a quantization of F[{aSL2*)j] , that is Wi(s[2) := (Wq(sl2))i = F[{aSL2*)j} as 
Poisson Hopf algebras (like above). See [Gal] and references therein for further details. 

The embedding Uq{3l2) " — > ^^9(0^2) restricts to Hopf embeddings ilg(sl2) ' — iiq(0^2) 
and Uq{sl2) " — ^ ^^qidh) • The specializations of the latter ones at q = e and at g = 1 are 
compatible (in the obvious sense) with the quantum Frobenius morphisms. 

2.2 Quantum function algebras Fq[M2], Fq[GL2] and Fq[SL2] , their integral forms 
and specializations. Let Fq[M2] be the well-known quantum function algebra over M2 
introduced by Manin. Namely, Fq[M2] is the unital associative Q(q')-algebra with generators 
a , b , c , d and relations 

ab= qba , ac= qca , bd = qdb , cd = qdc , bc = cb , ad — da = {q — q~^) be . 

This is also a Q(g)~bialgebra (yet not a Hopf algebra), with coalgebra structure given by 

A(a) = a® a-h 6(g) c , e(a) = 1 , A{b) = a ^ b + b ^ d , e(6) = 
A(c) = c(8)a-|-d(8)c , e(c) = , A{d) = c(S> b + d d , e{d) = 1 . 
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In particular, the quantum determinant Dq :— ad—qbc e Fq[M2] is central and group- like 
in the bialgebra Fq[M2]. Finally, it follows from definitions that Fq[M2] admits as Q(g)-basis 

the set of ordered monomials '■= | b^a'^d^c'^ /?, a, 5, k e N | . 

We define 5^g[M2] to be the unital Z[g, g~^]-subalgebra of Fq[M2] generated by a, b, c 
and d; this in fact is a sub-bialgebra, and admits the same presentation as Fq[M2] but over 
^f?!?"^] • It follows that is also sl Z[q, q~^]-hasis oi ^q[M2\ , hence 5^q[M2] isaZ[g,g~^]- 
integral form of Fq[M2] ■ From its presentation one sees that 5^g[M2] is a quantization of 
F[(M2)z], i.e. di[M2] := {dq[M2])^ = F[{M2)z] as Poisson bialgebras (where on left-hand 
side wc consider the standard Poisson structure inherited from 5^g[M2] ); using notation of 
§ 1.1, the isomorphism is given by = x for all x G {a, b,c,d}. 

Let Fq[GL2] := [Fq[M2]) [Dq~'^~\ , the extension of Fq[M2] by a formal inverse to Dq . 
Then Fq[GL2] is the unital associative Q(g)-algebra with generators a, b, c, d and Dq~^, 
and relations like for Fq[M2] plus those saying that is central and inverse to Dq . This 

Fq[GL2] is a Hopf algebra, whose coproduct and counit on the generators is given by the 
formulae in § 2.2 and by those saying that Dq~ is group- like plus S{a) = dDq'^ , S{b) = 
-q-^bDq-^ , S{c) = -q+^cDq-^ , S{d) = aDq-^ and S{Dq-^) =ab-qbc=Dq . 

It follows that Fq[GL2] is Q(q)-spanned by Bgl^ ■= { b^a'^d^c'^D-'' f3,a,S, K,n e N} . 

Let dq[GL2] be the unital Z[q, q'~-'^]-subalgebra of Fq[GL2] generated by a, b, c, d and 
Dq~^ (note that Dq e dq[M2] ). This in fact is a Hopf Z[q, ^"■'^j-subalgebra, and admits the 

same presentation as Fq[GL2] but over Z[g,g~^]. Then Bql^ is also a -spanning 
set of ^q[GL2] , hence dq[GL2] is a Z[q, q~^~^ -integral form of Uq {gl2) ■ Also, ^q[GL2] is a 
quantization of F[(GL2)z] as a Poisson Hopf algebra, with D^^\^_^ = D"^^ . 

Let Fq[SL2] be the quotient Fq[SL2] := Fq[GL2]/{Dq - l) ^ Fq[M2]/{Dq - l) where 

(^Dq — l) is the two-sided ideal of Fq[GL2] or of Fq[M2] generated by the central element 
Dq — 1 . This is a Hopf ideal of Fq[GL2], so Fq[SL2] is a Hopf algebra too: it admits 
the like presentation as Fq[M2] or Fq[GL2] but with the additional relation Dq — 1 = 0. 
Moreover, Fq[SL2] has the Hopf structure given as for Fq[GL2] but setting Dq~^ = 1 . 

It also follows that FJ5L2] admits Bsl^ ■= ^^b^a'^d^c" (3, a,6, K G N , G {a, 6} > as 

PBW-like basis over Q{q) . The definition of the integral form dq[SL2] , as well as its proper- 
ties, are exactly like those of ^q[GL2] , up to switching "gP' with "sP' and "GL" with SL" . 

Another description of 5^q[M2], dq[GL2\ and dq[SL2] is possible. Indeed, using a char- 
acterization as algebra of matrix coefficients, Fq[M2] naturally embeds into Uq{Ql2)* ■ In 
particular, there is a perfect ( = non-degenerate) Hopf pairing between Fq[M2] and Uq{Ql2), 
which we denote by ( , ) : Fq[M2] x Uq{gl2) > Q(g) (see e.g. [No] for details). Then 

^q[M2] = {/ e Fq[M2] {f,iiq{Ql2)) Q ^[g, q'^] } . This Icads us to define (cf. [Gal]) 
Tq[M2] := {f e Fq[M2]\ {f,Uq{Ql2)) CZ[q,q-']} . 

The arguments in [Gal], mutatis mutandis, prove also that Q ®z ^q[M2] is a Q[q, q~^]- 
integral form of Fq[M2] . Moreover, the analysis therein together with [Ga3], § 7.10, proves 
that Q-^q[M2] is a quantization of f7(0 [2*) , i.e. {Q <^ J^q[M2]) ^ = U {QI2) as co-Poisson 
bialgebras (taking on left-hand side the co-Poisson structure inherited from J^q[M2] ). 

The perfect Hopf pairing between Fq[M2] and Uq{Ql2) uniquely extends to a similar pairing 
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(, ):F,[G'L2]x[/,(0[2) ^Q(g), and UGL2] = {/ G ^.[GLs] | {f .^{qI^)) QZ[q,q-^]] . 
This gives the idea (hke in [Gal]) to define 

T^[GL2] := {/eF.fC] I (/,W,(0)>CZ[5,5-i]} . 

Again, Q^z^gfCLa] is a Q[§, g"^] -integral form of Fq[GL2] , and that Q®z^q[G'i^2] 
is a quantization of ?7(£|[2*), i.e. (Q ®z Tq[GL2\)^ = t/"(st2*) co-Poisson Hopf algebras. 

The pairing between Fq[M2] (or Fq[GL2]) and Uq{Q\2) induces a perfect pairing between 
Fq[SL2] and ^/.(sb) , giving ^SqiSL^] = [feFqiSL^] | {f,iXqish)) Q Z[q,q-^] } . Then 

J'qiSL^] := {fe Fq[SL2] I (/,W,(5l2)> C Z[q,q-'] } 

and similar results to those for J-'q[GL2] hold for J-'q[SL2] too — see [Gal]. 

Finally, let i G N_|_ be odd, and let e be a (formal) primitive ^-th root of 1 as in § 1.3. 
Set J-'s[M2] := [J-'q[M2]) : then again [Gal] and [Ga3] show there is an epimorphism 

^rg^ : :Fe[M2] ^ Qe ®z U^Q^) = Qe ®Q U{gq) (2.1) 

of bialgebras, which we call quantum Frobenius morphism for ^[2* . Similarly, there exist 

^Fr^L, ■■ Qe «)z, y's[GL2] » ®z Tx\GL2\ ^ ®q (2.2) 

a Hopf algebra epimorphism extending .Frg^, the quantum Frobenius morphism for ^[2* , 
and a Hopf algebra epimorphism, uniquely induced by J-r^^ or J'Tq^^ , 

rr^L, ■■ Qe J^e[5L2] ^ Qe «)z C/z(sl2*) = Qe ®Q C/(5^2 ) (2.3) 

where J^s[SL2] := (jFq[5'L2])g , which we call quantum Frobenius morphism for ^[2* . 

By construction a bialgebra and a Hopf algebra epimorphism Fq[M2] » Fq[SL2] and 

Fq[GL2] » Fg[5'L2] exist, dual to Uq{sl2) " — ^ ^^9(0^2) ? similarly there are epimor- 

phisms dq[M2] ^dq[SL2] and dq[GL2] »dq[SL2] dual to lXq{sl2) ^ iiq{gi2) ■ 

2.3 Dual quantum enveloping algebras. The linear dual Uq{3l2)* of Uq{si2) can be 
seen again (cf. [Gal]) as a quantum group on its own: indeed, we set Uq(sl2*) := C/q(sl2)*, 
a notation used because Uq[sl2*) stands for the Lie bialgebra sin just like Uq{sl2) stands for 
5(2 . Namely, Uq[sl2*) is a topological Hopf Q(g')-algebra, with two integral forms iiq{sl2*) 
and Uq[sl2*) which play for Uq[sl2*) the same role as iiq{sl2) and ^^(5(2) for Uq{sl2) ■ 

The construction goes as follows. Let be the unital associative Q(q')-algebra with 
generators F, Af^, Af^, E and relations 

EF = FE, A-^M = l = MA-\ A^^Af =AfA±\ Af Af = Af Af Vz,i 
A^^E = q^^EA^^ , A^^F = q^^FAt^ , A^^E = q^^EA^^ , A^^F = q^^FA^^ . 

Let also be the obtained from adding the relation AiA2 = l . 

The set of PBW-like ordered monomials := {E"^ A^' A^^ F'p \ 77, Ai, A2,</? G N} is a 
-basis for ; similarly B| := {E^'A^'F'^ | ry, (^gN , Ai G Z } is a Q(g)-basis for . 



One defines Uq (sl2*) as a suitable completion of H* , so that Uq (sl2*) is a topological 
algebra topologically generated by , and is a Q(g)-basis of Uq (5(2*) in topological sense. 
Then Uq{sl2*) is also a topological Hopf Q(g)-algebra (see [Gal]). The same construction 
makes sense with instead of H* and yields the definition of Uq(^gl2), a topological Hopf 
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algebra with as (topological) Q(q')-basis. Then by construction Ug[5l2*) is a quotient of 
^9(0^2*) 7 a topological Hopf algebra, via Uq[sl2*)^ = Uq[gl2*) j (A1A2 — 1) . 

The restricted integral form ilg(s[2*) of ?7g(sl2*) is, by definition, a dense Hopf TL\q, q~^\- 
subalgebra of the subset of linear functionals in t/g(sl2*) which are Z[g, -valued onto 
Uqis^"!^ ■ In order to describe it, set L^^ := A^^ , and let i^^ be the Z[g, g~^]-subalgebra 
of generated by aU the F("^)'s, ^("^)'s, L±i and (^^""j's (for m G N , c G Z ): then 

05^ := |eW(^^;0^ r/,/,(/?GN| is a Zf^, g-^j-basis of , while 11^(5(2*) is 

the topological closure of ij^ , and 03^ is a topological Z[q', g~^]-basis of il^ (sl2*) • 

Similarly, for the integral form ilg(gl2*) of ^^9(0^2*) > take the A/j's (/i = 1,2) instead of 
Land := | ^(^7) A'^-^C^i/^) (^A^iO^ A-^-*(A2/2)^(^) | ^,Ai,A2,^gn} instead of 

*B* . By construction i^* is a quotient algebra of — restricting H^y^(AiA2 — 1) = H* to 
9)\ — so llq(sl2*) is a quotient of iXg(0(2*) ) ^s a topological Hopf algebra. 

We can describe 9)\ rather explicitly: it is the unital associative Z[q', g"^] -algebra with 
generators F(^), E^"*), — for m G N, c G Z — and relations 

relations (1.1) for X = L , LL"^ = 1 = L"^ L , relations (1.2) for X G {F,^} 

_^±l _p(m) ^ ^±m _p(m) ^^±1 ^ _ ]7;{r) ^ j^±l j^{m) ^ ^±m j^{m) j^±l 

Similarly, is the unital associative Z[qf, -algebra with generators F^'^\ E^'^\ ■> 
{^ll (for m G N , c G Z , A; G {1, 2} ) and relations 

reiations (1.1) for aii X G {Ai, A2} , relations (1.2) for aii X G {F , F} 

^Afe ; y(m) _ y(m) ; c+((5fc,i-5fe,2) V Y G |F F| 

In this paper we do not need the Hopf structure of iig(sl2*) and ilq[sl2*) (cf. [Gal]). 
iiq{sl2*) is a quantization of [/z(5t2*), for ili(sl2*) := (U^ (sfc*)) ^ = t/z(sl2*) as co-Poisson 
Hopf algebras, with on left-hand side the co-Poisson structure inherited from iiq(sl2*) ■ In 

terms of generators (notation of § 1.2) this reads F^'^^^^^ ^ f (™) , (^^^°) ^ , 

L±i|^^^= 1, F("^)|^^^= e^"^) for m G N. Similarly iii{Ql2*) = Uz{q12) , with F(^)|^^^^ 

f("^), (^"^^'^^ (|^), Aj^l^^^^l, F("^)|^^^^e("^) for mGN and A;g{1,2}. 

Finally, let i and e be as in § 1.3. Set ile(s[2*) := (llq(sl2*))^ and := (i^*)^- Then 
(cf. [Gal], § 7.7) the embedding i^^ — > il£(s[2*) is an isomorphism, thus lte(sl2*) = Sj^ . 
Similarly (with like notation) iie{Qi2*) = -^f • Also, there are Hopf algebra epimorphisms 

^tX* ■■ ^e{sl2) = ^ (8)z Sjl = Z, ®z ill(5t2*) ^ (8)z C/z(5t2*) (2.4) 

^rj^. : 11,(5(2) = ^1 ^ ®z S)f = Z, ®z ili(0l2*) = ®z %(0l2*) (2.5) 
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defined by ^^^^l^^,^ x(^/^) , (^^^^ if £ 



\q=e 



Y 



if 



q=e 



e]/s, and ^ 1 , with (X,x) e {(F,f), (i^,e)} , and {Y,k) = (L,h) in the sin case, 

(y, k) G {(Ai,gi)}^^^ 2 foi' fll-n • These are quantum Probenius morphism for sin and gl^. 

The above epimorphism tt^ : ilg(0t2*) ^ ii<}(sfe*) of topological Hopf Z[g, -algebras 
is compatible with the quantum Frobenius morphisms, in the obvious sense. 

To finish with, the natural evaluation pairing ( , ) :Uq{Q*) x Uq{Q) — > Q{q) (for g £ 
{512,012} ) is uniquely determined by its values on PBW bases: we have them via 

E(v) ^-Ent{i/2) p(^) ^ pfK^E"^ = (-l)''Se,^Sf,^ (fj q-^^^Him (2.6) 

(2.7) 



(-i)^<^e,.<^/,.(r,) (: 



-7iBnt(Ai/2)-72Snt(A2/2) 



2.4 Embedding quantum function algebras into quantum enveloping algebras. 

Let G e {SL2,GL2} and g := Lie{G) . By definition Fg[G] embeds into Uq{Q*) := 
Uq{g)* , via a monomorphism ^: Fq[G] ^ — > Uq{g*) of topological Hopf Q(q') -algebras. 
Moreover J^q[G] = f~^(ilg(g*)) , so ^ restricts to a monomorphism ^: J^q[G] — > ^q{d*) 
too, and similarly ^: ^gi^] = — > Uqig*) . These verify C{Fq[G]) C and ^{J^q[G]) C i^^^ 
(with a; G {5,(7} , according to the type of G) so Fq[G] = ^"^(H^^) and J-'q[G] = ^~^(i3x) • 
Furthermore, is compatible with specializations and quantum Frobenius morphisms, that is 
(idQ^^zflg^Jo-^'^G = (i%®z.^rg^*)°(idQ.®z.1|g^,) • AsFg[M2] embeds into FJG'L2], 
restricting $^:Fq[GL2] ^ f^g(0^2*) yields an embedding ^•.Fq[M2] ^ f^g(0^2*) ' simi- 
larly we have an embedding ^ : jFg[M2] — > itq(0[2*) , which factors through J^q[GL2] (and 
similarly ^ : 5^g[M2] ' — > Wg(0l2*) , which factors through dq[GL2] ). 

In [Gal], Appendix, embeddings ^ and ^ as above are described for SL2, namely given by 
^ : a I— > 1/ — FL~^E , b 1— > —FL~^ , c 1— > +L~^E , d 1— > L"-*^ . Similarly (and exploiting the 
analysis in [Ga2], §§ 5.2/4), we find an analogous ^ for GL2, namely ^ : Fq[GL2] " — > C^q(0^2*) 1 
a 1-^ Ai - FA2-E' , 6 1-^ --FA2 , c 1-^ -I-A2-E' , d 1-^ A2 , Dq~^ 1-^ (AiA2)~"^ . The same formulae 
describe ^: ^q[GL2] " — Uq{gl2) ■ Discarding Dq~^ ^ (A1A2) ^ they describe also the 
embedding ^: Fg[M2] ^ — > Uq{gl2) , a i-> Ai - FA2E , b ^ -FA2 , c 1-^ +A2!E, d ^ K2 , 

obtained restricting ^: Fg[G'L2] ' — > ^^5(0^2*) > ^^"^ i^^ restriction ^: 5^g[M2] — > Uq{gl2^ . 

Finally, the various embeddings ^ and their restrictions to integral forms also are com- 
patible — in the obvious sense — with the epimorphisms Uq{gl2) » and 

Fg[G'L2] » Fq[5'L2] or Fg[M2] » Fg[5'L2] and their restrictions to integral forms. 



§ 3 The structure of Tq[M2\ , Tq[GL2\ and J^g[S'L2] , 
their specializations and quantum Probenius epimorphisms. 

We need some more notation. First set b := {q — q~^) ^b and c := {q — q~^) ^c. Then 
for aU n G N, we set b^^^^ := b7[n]g! , c(^) := c7[n]g! — like in § 1.2. 
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Theorem 3.1. 

(a) jFq[M2] is a free Z[q, q~^~^-module, with basis the set of ordered monomials 

^M. = {b(^)(-«)(Y)c('^)|«,/5,«,5eN} 

(a PBW-like basis). Similarly, any other set obtained from via permutations of factors 
(of the monomials in Bm^) ^ 'L\q^ q~^^-basis of !Fq[M2\ as well. 

(b) !Fq[GL2] is the 'Z[q,q~^]-span of the set of ordered monomials 

Sgl. = [ b(^) (- °) [' f) c(-) Dr I a, /3, 5, . G N } . 

Similarly, any other set obtained from Sgl2 '^^^ permutations of factors (of the monomials in 
SGL2) o 7J\q,q~^^^ -spanning set for !Fq[GL2\ as well. Moreover, if f & Tq\GL'2\ then f 
can be expanded into a Z[q,q~^~^ -linear combination of elements of Sgl2 which all bear the 
same exponent v ; similarly for the other spanning sets mentioned above. 

(c) Tq[SL2\ is the Z[g, -span of the set of ordered monomials 



SsL2 = { b^^) (- °) {' ■^) cC^) 



Similarly, any other set obtained from Ssl2 '^^^ permutations of factors (of the monomials in 
SSL2) ^ 'L\q, q~^^-spanning set for Tq[SL2] as well. 

Proof, (a) For all a,^^,^ e N, let Moc,p,K,5\ = b^^^ (";°) {^'f) c(«) . Due to the formulae 
for ^ : Fq[M2] " — > ^^^(0^2*) § 2-4 and to Lemma A.2(b) later on, one has 



\(/3) /Ai-FA2-E;0 



xg®-(^)-a)-'-(«+i)(g-g-i)'^[rl ! 



' 13+r 




f3 


Q - 



A2;0 
5 

K+r 
K 



A2E) 



E".o (-1 



X 



piP+r) |Ai ;0| J^A2^;0^ A/+r+'^ 



■r) 



SO that ^{A4a,p,K,6) G ^q , which implies, thanks to J^q[G] — ^ ^{^x) (see § 2.4), 



(3.1) 



This proves that ^ ^q[M2] , hence the Z^g, q ^]-span of Bm2 is contained in Tq[M2\ . 

Now pick / G J-'q[M2] . Clearly Bm2 is a Q(5)-basis of Fq[M2], hence there is a unique 
expansion / = Y.a,/3,K,5eNXc,(3,K,s Mc,p,^,s with aU coefficients Xa,p,K,5 e Q{q) ; we must 
show that these belong to Z[q,q~^~\. Let /3o and kq in N be the least indices such that 
Xa,i3o,Ko,s 7^ for some a,5 e N. The previous description of (Ma, 13,^,5) and (2.7) yield 



A1«,/3,m.^''G'i^'G'2^'^") =0 if V<f3 or if < k 

M.,,,.,s,E'G{r^G2'^^F^) = (-l)%a)-(^)+(^+«)^^ (-)^ (- 

This gives = g(''^°)-('°)+^^°+-)^^ E«,, Xa,/3o,.o,4;0, (1), " 

assumption the last term belongs to Z[gf, whence also 

?/7i,72 E Xa,/?o,Ko,5 (a) ft') eZ[Q,g-i] V 71 , 72 £ a, 5 G N . (3.2) 

a,S V /q V /q 

Using as indices the pairs {a, 5) G and (71,72) G , the set of identities (3.2) can be 
read as a change of variables from {Xa,/3o,«o,<5}(a,5)eN2 {2/71,72 }(^i,^2)eN2 ? fixing in any 
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total order ^ such that {m,n) ^ {m',n') if m < m or m' < n' , the (infinite size) matrix 
ruhne; this change of variables, i.e. iC'^) fl?) ) , has entries in 7j\q,q~^] and 

is lower triangular unipotent. Thus it is invertible and its inverse also is lower triangular 
unipotent with entries in Z[q, , so Xa,i3o,Ko,s G '^[q, ?~^] for all o, 5 G N . 

The previous analysis gives f := f - T.a,sXa,/3o,'<^o,5 Ma,f3o,Ko,s e JTgfMs] ; moreover, by 
construction the expansion of /' as a Q(gf)-linear combination of elements of has less 
non-trivial summands than / : then we can apply the same argument, and iterate till we find 
that all coefficients Xa,/3,K,,s in the original expansion of / do belong to q'"^] . 

Finally, the last observation about other bases is clear. 

(b) By claim (a), every monomial of type b*^^-* s'^'^ ^^'^^ i^ Z[g, -integer- 
valued on Wg(gl2) ; on the other hand, the same is true for Dq~'^ (V u e N), because 
Df" e dq[GL2] and d,[GL2] C J-^fGLs] since il,(gl2) ^ l^M ■ Finally, 

so b(^) (^";°) (^^^°)c('^)D G J^JGLa] , and the Z[q, g-^j-span of Sql^ sits inside J^JGLa] . 

Conversely, let / G J'JGLa] . Then there exists N e N such that f Dq^ G . 
In addition, {f D,"" , KM) = {f D,"" , A{l(M)) C {f, ■ {D,'' , C 

Z[q,q-^] because /, G J^JGLa] . Thus f Dg^ G J^gfMa] ; then, by claim (a), f Dg^ 
belongs to the 'Z[q, g~^]-span of -i whence the claim follows at once. 

Finally, the last observation about other spanning sets is self-evident. 

(c) The projection epimorphism Fq[M2] »Fq[M2]l[Dq) = Fq[SL2] (given by re- 
striction from Uq{Q[2) to Uq{s[2) ) maps Bm^ onto SgL^. '• it follows directly from definitions 
that 7r(.Fq[M2]) C Tg[SL2] , hence in particular (thanks to claim (a)) the Zfqf, qf^-^j-span 
of SsL2 is contained in J^q[SL2\ ■ Conversely, let / G Tq[SL2] ■ Since Bsl2 in § 2.2 is a 
Q(g)-basis of Fq[SL2\ it follows that any / G J^q[SL2\ has a unique expansion 

for some Xp niVp kiV ^ Q(9) • Since Dq := ad — qbc = 1 in Tg[SL2], we can rewrite 

(3.3) as / = E b^'^) ( Ex^.a^-Dq'' + ^-Dq'' + Ev^.d'- Dq''-') c(«) , where 

/i := max |5gN|?7^^^7^0}. Now consider the element of Fq[M2] 

f = Ep,.eN b^^^ ( Ea.N a" • i^/ + ^ • Dg'^ + ^seN vL " ^/"') ^^'^^ 
By construction, 7r(/') = / ; moreover, a straightforward check shows that 

(for all ?7, 99 G N, K, 7 G Z) because / G Tq[SL-^ by hypothesis. Since the monomials 

E'^K'^G2^F'^ form a Z[g, g-^] -basis of ^^(flta) (by §2.1, as K := GiGa'M, it follows 
that /' G jFg[M2] . Then claim (a) and the fact that 7r(/') = / imply that / lies in the 
Z[g, g~^]-span of Ssl2- Finally, the last observation about other bases is clear. □ 
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Theorem 3.2. 

(a) J-'q[M2] is the unital associative Z[q, q~^~\ -algebra with generators 

f'^'^'V b("^ c("), ('^''] V m,rzeN, r,seZ 

\ n J \ m J 

and relations 

relations (1.1) for X E {a, d} , relations (1.2) for X E {&, c} 

a;r\ ^ , H ^ ^ 1 j.^^) b^) / « 5 ^ 

ny'V^yJ ^ \n,j 

Moreover, T(^M-2\ is a Z[q,q~^^-bialgebra, whose bialgebra structure is given by 

^ ^ k=0 
^ ^ A;=0 

= E .^(^-"^^ - .-^)' [z^].! • (i ® b^'^)) . / ^ ® ^ ; ^ - n . (;e(^) « i) 

A:=0 ^ /l^m,fcj\ / 



a ; r 



(notation of § i.^j where a = 1 + {q — 1)^"^°^ , d = 1 + (g — 1)^^^^ , and terms like 
^<gix,a^ (^TOt/i X e {a,(i}, (T e Z and t e ) must be expanded following the rule 



t 



r+s=!^ \ / \ / r+s=!^ 



' r-\-s=v \ ^ / \ ^ / r-\-s=i' 



t 



according to whether a is even (= 2t) or odd (= 2t + 1), and consequently for |^®^^ | 
In particular, J-'q[M2] is a Z[q, q~^^ -integral form (as a bialgebra) of Fq[M2] . 
(b) Tq[GL2] is the unital associative Z[q, q~^] -algebra with generators 

'''''^ b("), c(-), f'^'^'V Dq-' VneN,reZ 



1 

n J \ n ' 
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and relations as in claim (a), plus the additional relations 
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I f x;r 
n 



X ; r 
n 



D,-\ iJr'y'"' = y^'^Or' (ye {b,c}.reZ,neN) 



Moreover, J^q[GL2\ is a Hopf Z[q,q ^~\-algebra, whose H op f algebra structure is given by 
the same formulce as in claim (a) for A and e plus the formulcB 



a ; r 



dD-^-r 



n JJ \ n 



^d ; r\\ / a Dq~^ ; r 



n 



n 



In particular, Tq\GL'2\ is a Z[q,q~^^ -integral form (as a Hopf algebra) of Fq[GL2] . 

(c) Tq[SL2\ is generated, as a unital associative Z[q, q~^^ -algebra, by generators as in 
claim (a). These generators enjoy all relations in (a), plus some additional relations, spring- 
ing out of the relation Dq = 1 in Fq[SL2] . Moreover, J^q[SL2] is a Hopf ^[q, q~^] -algebra, 
whose Hopf algebra structure is given as in (a) and (b), but setting Dq = 1 . 

In particular, J-'q[SL2] is a Ij^q, q~^~^ -integral form (as a Hopf algebra) of Fq[SL2] . 

Proof, (a) Thanks to Theorem 3.1(^0^, the set of elements considered in the statement does 
generate Tq[M2\ . As for relations, the third line ones are those springing out of the relation 
ad — da = (^q — q~^)bc in Fq[M2]; those in fourth and fifth line are the ones following from 
the relations ab = qba , ac = qdc , bd = qdb and cd = qdc ; the first line ones follow 
from be = cb , and those in second line are obvious. The sole non-trivial relations are the 
third line ones, which we shall now prove, by induction on m . 

We set t. := I"' , 1^1 ^ := i • The basis of induction (m = 1) follows from 

which in turn is easily proved by induction on k using the commutation formula 



(3.4) 



(3.5) 



that directly follows from definitions and the relation ad — da — {q — q ^) be . 
For the general case (m > 1), using formulae (3.4-5) we get 

/a;r\ _ \(a-;r\ (d;s\] dq'""'-! . (d;s\ \(a;r\ dg"""'-! " _ 

\ n )'> [m+lj] [\ n )'' \ m J \ q'^+^-l \ m J [\ n J ^ 

= {q"^^' - 1)"' f E {q - q-^qi^ D^^, (g^^+^^d - l) c(^) h^^^ A^^^ + 



\j=l 



+ E 



1' «^+^)-("+-))+(^) {q-q-y^' [i + l]q\ q^+'+'iq'-q-') i^^,, 0^^+^) b(^+l) 



14 



FABIO GAVARINI , ZORAN RAKIC 



Comparing the previous result with the expected formula for (m + 1), we see that the latter 
holds if and only if the following identity holds 

<l' Dtr^j {q'-^^'^d - 1) + {q^^ - 1) = (g-^+i - l)Dl^,^^ 

which is just a special case of Lemma 4.5(a) later on. 

The previous analysis shows that the given relations do hold in J-'q[M2] ; in order to prove 
the claim, we must show that these generate the ideal of all possible relations. This amounts 
to show that the algebra enjoying only the given relations is in fact isomorphic to jFg[M2] . 
To this end, it is enough to prove the following. Let B' be any one of the PBW-like bases 
provided by Theorem 3.1(a): then the given relations are enough to expand any product of 
the given generators as a Z[g, -linear combination of the monomials in B' . 

Now, if = I (^^'f^ c^'^) b^^) (^";°) e n} , then the given relations clearly 

allow to write any product of the generators as an element of the Z[gf, g~^]-span of B' . 

As to the bialgebra structure, everything is just a matter of computation. Yet we can 
point out just one key detail: namely, by definition we have 

and then one gets the formula in the claim via Lemma 4.2; similarly for A (J^m^) ■ 

(b) The fact that J-'q[GL2] admits the given presentation is a direct consequence of claim 
(a) and of Theorem 3. 1^6^, but for the additional relations in first line. The latter mean that 
Dq~^ is central (because Dq is) while the second line relation is a reformulation of the relation 
Dq Dq~^ = 1 . The statement on the Hopf structure also follows from claim (a) and Theorem 
3.1(b) and from the formulae for the antipode in Fq[GL2] (cf. § 2.2), but for the formulae for 
Dq~^ which follow from A{Dq) =Dq®Dq, e{Dq) = 1 , S{Dq) = Dq'^ . 

Now, the formulae for A and e show that J-'q[GL2] is a Z[g, q~^]-subbialgebra of Fq[GL2] . 

For the antipode, ^^(j-JGLs]) , ^(flta)) = (^^^[^^2] , ^(^.(gla))) C Z[q,q-^], which 
gives S{j^q[GL2]) C .FJGL2] . The claim follows. 

(c) This follows again from claim (a) and Theorem 3.1. □ 

Corollary 3.3. For every X E {M,GL} , let [Dq — l) be the two-sided ideal of Fq[X2] 
generated by [Dq — l) , and let V{X2) := [Dq — l) fl J?-q[X2] , a two-sided ideal of J-'q[X2] . 

(a) The epimorphism Fq[M2] » Fq[M2] ^ [Dq — l) = Fq[SL2] restricts to an epi- 
morphism Tq[M2] — ""-^ Tq[M2] I V[M2) = J^q[SL2] of Z[q,q-^]-bialgebras. 

(b) The epimorphism Fq[GL2] — Fq[GL2] ^ [Dq - l) ^ Fq[SL2] restricts to an 
epimorphism J-'q[GL2] » J^q[GL2] ^'D{GL2) = J-'q[SL2] of Hopf Z[q, q~^] -algebras. □ 

3.4 Remarks: (a) Besides those given in Theorem 3.2, there are several other (equivalent) 
commutation relations between the ^"^'^^s and the ^'^^'^^s — see [GRl], § 3.3, for details. 

(b) One should compute an expression for '^(("A'^)) ^ (^^''n ' ^) '^(C"'^)) ~ 

("^''n ' ^) terms of the generators in Theorem 3.2! In fact, this is a very tough task. 
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3.5 Relations in Tq[SL2] . By Theorem ?,.2(c), in Tq[SL2] the generators (^";'^) , b^''^ , 

c'^'^^ and — for all 77. e N , r e Z — enjoy the same relations as in Theorem 3.2 plus 

some additional ones, springing out of the relation ad — qbc = 1 in Fq[SL2\ ■ 
A first (set of) relation(s) is the following (for all Q!,5 e N, r, s e Z): 

« ■ {r) Cr) + • {r) G'-i) + 

+ q'—'+^+^ (q-l) (2); • b(^^ c(i) = 

A second (set of) relation(s) is (for all /i, n e N, r^seZ): 

tt - 1)^-*'-' m (V 0, 0, ■ (»]-) Cr) = ("('■ + + 

i=0 1=0 ^ /q\ /q^ \ / 

0/)7^(0,0) 

(i,t)7^(0,0) 

where the first identity holds for all h> n and the second for all h < n. 
A third (set of) relation(s) is for all n e N+ , 

{'■") + {r) = ELi a.-bC) + EL, k, ((!") ("f) + ("f) {r}) 

h<i 

with (for all 1 <h <i <n) 

k, = -d to -ir-»^(„i4 

All these formulae are proved in detail in [GRl]. 

Further byproducts of Theorem 3.2 concern the specializations of Tq[M2] , Tq[GL2] and 
Tq[SL2] at roots of unity, including the case q=l as follows: 
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Corollary 3.6. 

(a) There exists a Z-bialgebra isomorphism T\ 



a ;0 



gi 



b(-) 



r(n) 
^ 1 



M2] = %(sl2*) ^wen hy 



.in) 



d;0 
m 



q=l 



(s) ■ 



In particular Ti[M2\ is a Hopf 'L-algehra, isomorphic to C/z(sl2*) • 

(h) There exists a Hopf Z-algebra isomorphism T\[GL2] = C^z(0^2*) > which is uniquely 

determined hy the formulcE in claim (a). 

(c) There exists a Hopf Z-algebra isomorphism J^i[SL2] = t/z(sl2*) given by the same 
formulce as in claim (a), where one must read gi = h, g2 = — h • □ 

Proof. At = 1 , Theorem 2,.2(a) provides a presentation for Ti[M2\] a straightforward 
comparison then shows that the latter is the standard presentation of ^7z(0^2*) ; following the 
correspondence given in the claim (actually, in the first presentation one also has the special- 
ization at = 1 of the {^if^ 's — with x e {a, d} — but these are generated by the special- 
's). This yields a Z-algebra isomorphism: a moment's check shows that it 



izations of the 



X ; 

V 



is one of Z-bialgebras too. This proves (a) and, with minimal changes, (b) and (c) too. □ 



Proposition 3.7. Let e be a root of unity, of odd order, and apply notation of § 1.3. 

(a) The specialization ^e[M2] " — > at q = e of the embedding Tq\M-i\ = — > 9)^ is a 
Zg-algebra isomorphism. 

(b) The embedding J^g[M2] ' — > J-'ir[GL2] of Zg-bialgebras is an isomorphism. In partic- 
ular, J^e[M2] and S^^ both are Hopf Z^ -algebras isom,orphic to jFg[GL2] . 

(c) The specialization Te[SL2] is a Hopf Z^-algebra, isomorphic to Sj^ via the specializa- 
tion of the embedding J-'q[SL2] ' — > i^^ . 

Proof The embedding jFg[M2] " — >J^q[GL2] induces an embedding Te[M2] " — >Te[GL2]. 
Then (a) will follow by proving that Dq mod (g — e) Tq[M2] is invertible in J^s[M2] . 

Let £ be the (multiplicative) order of e. Lemma 4.3 gives = 1 in jFg[M2] , so a is 
invertible in .FefMs] with a"^ = a^-^ e ^efMa] , and also = e .F^fMs] , so 6^ = 
{e-e-'^Yh^ = in JT^fMs] . Similarly d'^ = d^''^ e J^efM^a] and = . The power 
series expansion of {1 — x)~^ then gives 

LT' = {l-ehd-^a-^cY^d-^a-^ = ^Y. {d^-^a^-^^c'' d^'^a^'^ e J^e[M2] . 

n=0 

As to the second part, note that the embedding ^ : Fq[GL2] ' — > extends to an 
identity Fg[GL2][d-^] = H^: this comes from [DL], § 1.8 (adapted to the case of GL2) or 
directly from the explicit description of ^ in § 2.4. This yields also 9)^ = .Fg [6*1/2] [d"^] . 
In fact, if ?7 e = J^q[GL2][d~^] then there is n e N such that rjd"- e Tq\GL'^ , and 

also (770?", Uq{^\2)) = (?7®c^®", A("+i)(i^,(0[2))) C (ry, UqM) ■ {d, W,(0[2)>" C Z[q,q-^] 

because r],de^. Thus rid"" E Fq[GL2] 0^ = ^q[GL2] , whence 77 e J^q[GL2] [d'^] ; the 
outcome is S)^ C .Fg[GL2] [ci"^] , and the converse is clear. Now i^f = .Fe[GL2] ; but 

we found e J^e[M2] = Te[GL2] , so = J^efGLa] [d-^] = Te[GL2] = Te[M2] . 

The above proves claim (a) and (b), noting that jFg[GL2] is clearly a Hopf Zg -algebra. 
Similarly, (c) can be proved like (a)., or deduced from the latter. □ 
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Theorem 3.8. Let e he a root of unity, of odd order £ . 

(a) The quantum Frobenius morphism (2.1) is defined over Zg , i.e. it restricts to an 

epimorphism of Z^-bialgebras ^r^^ • ^e[M2] » ®z jFi[M2] = ®2 t^z(0^2*) > 

coinciding, via Corollary 3.6 and Proposition 3.7, with (2.5), and given on generators by 



f (a-O 



a; 

n/e 



q=e 



q=l 
q = l 
1 



f(n/£) ^ 



, e-Cr ("/?)llr it?') ' 



a ; 
n 



if i/n 



q=S 



b(n) 
f.(n) 



^ if £/n 



q=e 



zf i, 



q=e 
\ / q—e 



^ if i/n 



n 



(b) The quantum Frobenius morphism (2.2) is defined over Zg , i.e. it restricts to an 

epimorphism of Tj^^bialgebras J^rQ^^^ : J-'g[GL2] » Zg ®2 ^i[GL2] = Zg ®2 Uz[q12) 

coinciding, via Corollary 3.6 and Proposition 3.1, with (2.5) and with ^r^^ ^'^ ((^)- 

(c) The quantum Frobenius morphism (2.3) is defined over Zg , i.e. it restricts to an 

epimorphism of 'Le-bialgebras J-r^j^^ : Te[SL-^ » Z^ ®z J'i[SL2\ = Zg (8)^ Uz{s^2^ 

coinciding, via Corollary 3.6 and Proposition 3.1, with (2.4), and described by formulae like 
in (a) with gi = +h and g2 = — h . 



Proof. By definition (cf. [Gal]) the morphism J-r^^ : 
is the restriction (via ^ : J-'q[M2] " — > 9)^ at q — s and q — 1) oi the similar epimorphism 
i^^n? * • ^ ®z obtained by scalar extension from (2.5). From this, direct 



computation (taking into account that 



0) gives, thanks to Lemma 4^.2 ( a- 1)., 



q=e 
£-1 



a ; 
n 



q=e 



A1-FA2E ; 
Sh* W n 



q=£ 



k=0 



(V)U= (»'/'') " 'I" 
if ej(n 

,) = 



by the very description of ^x„i * ; on the other hand, we also have ^ 



a ; 

n/i 



■FA2E : 
n/£ 



Ai ;0 



q=l 

Ai ; 

z/l , A: 



q 

q = l 



= (^^jij by Corollary 3.6(a) and Lemma 4.2(^a-ij again. This together with 
e|,=g o (idQ. ^t^^O = (idQ, o ^rg (see § 2.4) give ^r^^ | J = 



a ; 
n/£ 



= (^^/e) ^1^' and otherwise ^r^^ (^(^ 



a ; 
n 



, as claimed. Similarly, 



gr=£ 



lg=e 



A2 

q=e \q=s 



(n) 



= (-l)"e-(^).^r,\.(F(-))i?rJ^.(A-) 







(_1)^£-C2) .f(n/^) 
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where the upper identity holds if i\n and the lower line holds if not. On the other hand 
X^^"^'^l.=i) = i-ir^'e-(^^'^ ■ • f(-/^) , and a moment's 

check shows that (-l)"£-(2) = (-i)^/^£-("20 whence we conclude. Similarly 



q=s 



\q=s 



5(2) . ^W^) = £('2) . Q{n/l) 
q=l 





where the upper identity holds if i\n and the lower line if not, while ^ 



q = l 



.{n/i)\ 



\q=l 



2 ) . Qin/i) ^ g^2id again one checks that £^2) — 2 ) go the claim for c^"^-* follows. Finally, 



while ^ 



q=s 



» j,J-| ^ ' ^ ^^^^ 



9=1 



d:0 



=i)^(V)L.r te) due to Corollary 3.6 ra;, so ^^i((r)|^J = 

(v")L=r fe) ^1^' otherwise -^^i | J = 0. 

All this accounts for claim (a). Claims (b) and (c) can be proved with the same arguments, 
or deduced from (a) in force of Proposition 3.7 and of Corollary 3.3. □ 



§ 4 Miscellanea results on 5— numbers and g— functions. 

In several steps along the present work we need special, technical results about g-numbers 
and their combinatorics. We collect them in the present section, referring to [GRl] for proofs. 

Lemma 4.1. For all keN, let Uk := {q - l^ik)^! and {x;k) := Uk ■ (^jfj . Then 
(x;n) = E (-ir-%-(^)(^) , X- = tqi'^)(l) {x;k) . □ 

/j— ^ /fir ^ n V /O 



Lemma 4.2. Let A he any Q{q)-algebra, and let x,y,z,w & A be such that xw = (fwx, 
xy = qy X , X z = qzx and y z = zy . Then for all n and t & Z we have 



(a-1) (x + (l-1^"yw\t\ ^ n-^it-r^)(n - n-^Y . mi'') 

n 

(a-2) 



r=0 



)n 
= E 



-^Y \r\ I . 7,W 



J X ; t — r 1 
\ n,r J 



. □ 
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Lemma 4.3. Let Q he any Z[q, q~^~\ -algebra, e be a (formal) primitive i-th root of 1, with 
£ e N-i- , and {2^ :— {2 ^ {q — e) f2 the specialization of Q at q — e. Then for each x,y & f2 

12 9 ("^°) =^ {x\^^y=l inn,, Q3y^'^ =^ {y\^^y = in . □ 

Lemma 4.4. For all n , the identity a" d"^ = ^ g'' ( ^ ) holds in Fq[SL2] . □ 

k=o ^ 

Lemma 4.5. The following identities holds (notation of § 1.2): 

{:\'} + {<}" - 1) { = (s-^' - 1) { J+i!,- } 

(0) E(-l)^#(r4,(';) = 9''(«-l)'(4(2*-l),!! Vfc<n 



Proof. To give an idea, we sketch the proof of (c) — the complete proof is in [GRl]. First 
we fix some more notation: for all s,k,n e N set (s)^ := -^^j- , := nr=i ' 

(4 WW ' ' "^'^ ■= n-i ^'"^ - 1) ' ; ^= n:=i + 1) • The 

following identities then are clear from definitions: 

fn\ fnX / n\ f'"\ f \ (q"; 

n; - nr=i - 1) - {r-. n), , n: - n^i (?^- + 1) - {r-. , (^)^ = 

Using them, we transform a bit both sides of (c). Namely, we get 

E,t„ (-1)^ (Ll),, ^ E,tc (-1)^ (rj ), G), = 

E,t„(-ir.(«6X(K), 

for the l.h.s., and similarly for the r.h.s. we find 
/'ta-l)'x(,",)^(2fc-l),!! = -If = 

In light of this, we must prove that Y!1=q (-1)^ (1^^^ if) {iZj) = {^1^) " ^ ' 

E(-ir^ g(V)(^) (g-'^+^j)^ = ^^^(g^-^/c), • (4.1) 




To this end, we shall prove a more general identity. Let 



we shall prove that 

Rlt = q"^"^'^ ; (g""'"* ; k)^ . (4.3) 
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Note that, by definition, (4.3) for t — yields exactly (4.1), so the latter is just a special case 
of the former. The proof of (4.3) follows easily by induction on k from the following identity: 

Rik+i),t = -q' {q'^'^' + 1) Rtt' + ^h+i {yk,t,n). (4.4) 
Let us prove now the above identity. We have 

+ E (-1)'+'-^' ^^"^"^■) (/i )^ (g-'=-i+^- ■,t + j)^ ■,k + l-j)^ = 

= -?M?^+*+^ + l)i?^,7^ , q.e.d. 

Now the induction on k to prove (4.3) goes as follows. For all n G N+ and all t eN , the 
right hand sides of (4.2) and (4.3) are equal, because in that case (4.4) gives 

- {q^-' + 1) ■ ■ ■ (q"*+i + 1) {q'+' + 1) + (5- + 1) . . . [q-^ + l) = 

= + !)••• {q''-' + 1) (g^ + 1 - - 1) = (g--^ + !)••• (g'^-* + 1) (g"-*-^ - 1) . 

This sets the basis of induction. For the inductive step, assume the r.h.s.'s of (4.2) and (4.3) 
be equal for all t eN and k', n e N+ with k' < k , for some k e N+ , k < n. Then 

= -q^ (^fc+t+l + 1) qk{k+t) ^^n-l-k . (^^n-l-k-t . ^ 
= _ qkik+t+1) f^^^k+t+l^^^ ^qu-l-k . ^qu-l-k-t . ^ ^qn-k .^^^^^ ^qu-k-t-l ■k)^ = 

^ ^(fc+l) ^^n-(fc+l) . (^n-(fe+l)-t ; + 1)^ 

which gives exactly (4.3) with k+1 instead oi k . □ 
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